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Stochastic Quantization and Detailed Balance
in Fokker-Planck Dynamics
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The path integral and operator formulations of the Fokker-Planck
equation are considered as stochastic quantizations of underlying Euler—
Lagrange equations. The operator formalism is derived from the path
integral formalism. It is proved that the Fuler-Lagrange equations are
invariant under time reversal if detailed balance holds and it is shown that
the irreversible behavior is introduced through the stochastic quantization.
To obtain these results for the nonconstant diffusion Fokker-Planck
equation, a transformation is introduced to reduce it to a constant diffusion
Fokker-Planck equation. Critical comments are made on the stochastic
formulation of quantum mechanics.
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1. INTRODUCTION

Two different methods of dealing with the Fokker-Planck equation (FPE)
are receiving increasing attention. The first is the path integral method
pioneered by Onsager and Machlup” as a kinetic generalization of the
Boltzmann-Einstein principle relating entropy to probability.® The prob-
ability distribution function for fluctuation paths is expressed in terms of a
dissipation function which is in turn defined by means of the phenomeno-
logical kinetic equations.®-1%

The second method for dealing with the FPE has its origin in the operator
formulation®®1® of the MSR formalism.®™ Operator equations of
motion®2V are introduced for the set of gross variables describing the
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system under consideration. As a result the classical gross variables no
longer commute at different times. This approach can be viewed as a kind of
Heisenberg picture for stochastic dynamics in which the time dependence of
the probability distribution function is transferred to the gross variables. In
this picture, commutativity between gross variables at different times is
precluded by the stochastic nature of the process.?

As an illustration of the practical importance of these methods we may
cite the possibility of developing a consistent perturbation scheme®4-20-22)
using the powerful techriiques originally developed for quantum field
theory.?® A remarkable feature of the Onsager-Machlup path integral form-
ulation is the fact that the probability distribution over paths can be expressed
in terms of an action integral of a Lagrangian ©®-1%:24-27 for which the Euler—
Lagrange equations are precisely the equations of motion of the Heisenberg
picture. This result, first noted by Enz,®® is rigorously true as long as these
equations are interpreted as c-number equations. The extension of this
result to the operator equations of motion needed to describe stochastic
dynamics is not straightforward, however, as ordering ambiguities have been
found to occur,®:14,22,24,28)

The purpose of this paper is twofold. First, we wish to show how the
ordering ambiguities may be dealt with by means of a consistent *‘stochastic
quantization” procedure starting from a postulated path integral expression
for the transition probability of a continuous Markov process or ““diffusion
process.” By “‘stochastic quantization” we mean here the passage from
c-number Euler-Lagrange equations to the operator equations describing
stochastic dynamics. This should not be confused with Nelson’s approach to
quantum mechanics.®°*® Emphasis is placed, not on the different possible
definitions of the path integral,“%** but rather on the differences with the
analogous quantum mechanical procedure and, in particular, on the non-
equivalence between the forward and backward FPE, a feature which does
not appear in quantum mechanics but which does here due to the asymmetry
between initial and final states. Our approach to the stochastic quantization
problem is developed in Section 2, where we derive the operator equations
of the Heisenberg picture for stochastic dynamics from the path integral
formulation.

Our second purpose is to analyze the origin of irreversibility in Fokker—
Planck dynamics as related to the stochastic quantization procedure. We
show in Section 3 that the Euler-Lagrange equations, when interpreted at the
c-number level, have the remarkable property of being invariant under time-
reversal as long as one assumes detailed balance in the form of the potential
conditions.®® This points to a quite unexpected relationship between the
time-reversal invariance of the c-number Euler—Lagrange equations and the
property of microscopic reversibility of which detailed balance is the
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expression.®® Of course, this “‘semimicroscopic” reversibility of the Euler—
Lagrange equations is broken once stochastic quantization is performed,
leading to the well-known irreversibility associated with the FPE.

The work of Sections 2 and 3 is restricted to the case of constant diffusion
coeflicients. In Section 4 we consider the case of variable diffusion coefficients
and show that this case can be reduced to that of constant diffusion by
means of a transformation®® whose significance has been discussed by
Graham in the framework of a covariant formulation of the FPE.®® This
enables us to extend the results of Sections 2 and 3 to the case of variable
diffusion as well.

Finally, we devote an appendix to discuss the relevance of our work to
the stochastic formulation of quantum mechanics.@%-3® The latter formu-
lation is shown to reduce to a “degenerate” FPE in which all sources of
irreversibility cancel at all times.

2. PATH INTEGRAL FORMULATION AND STOCHASTIC
QUANTIZATION

A continuous Markov process or ““diffusion process” ©™ describing the
time evolution of a set of # gross variables {q; ,..., ¢,} is characterized by giving
an expression for the transition probability density (conditional probability
density) «(q, t;q',¢") (¢t > t'). A particular process is then specified by a
probability density P(gi,..., ¢,; 0) for the state of the system under con-
sideration at an initial time ¢ = 0. For any other time 7 > 0, the state of the
system is given by

Plg,1) = [ & o4, 154, 0P(q', ) @

We will consider here a continuous Markov process characterized by a
transition probability expressed as a path integral in a phase space to be
defined below. In the path integral, every path is differently weighted by the
action integral, allowing for fluctuations around the most probable path. The
most probable path in configuration space is defined by the Euler-Lagrange
equations associated to the Lagrangian featuring in the path integral.? So,
the path integral represents what we call here a ““stochastic quantization” of
such Euler-Lagrange equations.

2 Although almost all paths of a diffusion process are nowhere differentiable, a sensible
mathematical meaning can be given to a differentiable most probabile tube of paths.®5-3®
Such a most probable path is given by the usual Euler-Lagrange equations when the
Lagrangian (2.2) is chosen.
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Let us take as a starting point the Lagrangian ¢-7-8-25-27
E(q, q) = LDu_vl(qu - vu)(qv - Uv) + % 3Uu/aqu (22)
D,, is a symmetric, positive-definite, constant, real matrix and v, is a general
real function of the gross variables g.

The canonical Hamiltonian associated to this Lagrangian is given by the
following Legendre transformation:

pu = 02(q, §)/24, = 3D 4, — vy) (2.3)
%ﬁ(% P) = qupu -7 = Duvpupv + vupu — % avu/aqu (24)

We now consider the analytical continuation of ##(q, p) to the imaginary axis
in the complex p plane. In other words, we consider (2.4) where p,, is replaced
by a pure imaginary variable. In terms of this analytical continuation of
#1(q, p) a continuous Markov process is defined by

olq, t:q, 1) = f 8q(r) "p(s) e~ @.5)

4= ft [Pu(1)4u(7) = H#(g(7), p(T))] dr (2.6)

where g,(7) is a real function and p,(r) a pure imaginary function.

The most probable path in (2.5) will be in general complex, and, as
already pointed out by Phytian,®® it lacks physical meaning. Nevertheless,
if the p integration is carried out (which would not be possible for real p),
only real paths survive in configuration space and they are weighted by
exp|—J, £(q(r), §(r)) dr|, where & is the real-valued Lagrangian (2.2).
This is the main difference between the problem at hand and a quantum
problem with non-Hermitian Hamiltonian. In the quantum case the
transition probability amplitude is a complex number and for a non-
Hermitian Hamiltonian operator no real paths exist even in configuration
space, since a complex Lagrangian is obtained. In our case, the path integral
(2.5) defines a real transition probability and it can be understood as a
*“stochastic quantization” of the Euler-Lagrange equations associated with
(2.2), which are equivalent to the Hamiltonian equations derived from the
real-valued Hamiltonian (2.4).

We now derive from the path integral formulation (2.5)-(2.6) an equiv-
alent operator formalism. We will show that the equation of motion of the
operator formalism in the Schrodinger picture is a FPE for P(q, t) with drift
v, and diffusion D,,. The equivalent Heisenberg picture equations of motion
represent the so-called Fokker-Planck dynamics previously discussed by
Garrido and San Miguel.#%2D To the momentum p there corresponds an
unobservable operator in the operator formalism. This unobservability can
be understood as related to the imaginary character of p, in (2.5).
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In order to accomplish this program a precise meaning has to be given
to the phase-space path integral (2.5). In fact there exist a multiplicity of
possible Lagrangians, each of which must be combined with an appropriate
discretization of the path integral. The Lagrangian (2.2) corresponds to the
so-called symmetric ordering®® and this is the prescription adopted here for
the path integral. Accordingly, we introduce®® a network of 2N + 1 times
6" and we consider the action to depend on the values of p at time 6%+,
i = 0,..., N, and the values of g at times 6%, i = I,..., N. The values of ¢
and p are thus considered at alternating times on the network. We also re-
quire that the network becomes dense in such a way that the ratio of
a0 (6742 — g2ty 1o SN, (621 — 6%) tends to 1.

The path integral becomes

, , . © 1 N ) N )
g 15¢,1) = lim [ o T Tam@ )] [ dra@es @)
SO Jow i=0 i=1
where
N
4= (205 HNg 6%+ — ()]
i=0

— (%2 — gL (g(6%+2), p(6%+ 1)
— (9771 — 6*)H(q(6™), p(6%* 1))} 2.8)

Furthermore, one should take 8° = 1, 6°V*+2 < " and q,(¢) = q,,¢,(¢') = q.’.
The normalization constant Z = (27)" is fixed by the boundary condition

g, 1,9’ 1) = 8(q — q) 2.9)
The definition (2.7) of the path integral guarantees®® the fulfillment of
the Chapman-Kolomogorov equation ™

oq, t;4',1) = f drqt (g, t; 4%, ta(q, 115 ', 1) (2.10)
We now introduce operators g5®(¢') and pSP(¢+') accounting for the

possible alteration of a path by the appearance of dynamical variables at an
intermediate time #,:

gP(tYe(g, t; 9, t") = f 8q(7) 8"p(7) g, (t)e=4
- f d"g* g, t; g, g, 11 ¢, 1) 2.11)
P)eq, 15 'y 1) = f 8°g(7) 8"p(x) pu(t Ve~

dar f =q" olg, 1; 4% tpu(t)e(q, 115 9, 1) (2.12)
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where in the last equalities of Egs. (2.11) and (2.12) use has been made of
Eq. (2.10). If t* = t or ¢t* = ¢’ the action of g3°(r*) and p3°(¢*) looks simpler.
For ¢2(¢1) one has
gir(telg, t;9°, 1) = q,e(q, 59, t') (2.13)
4:2(1)Ag, 1,9, 1) = g,/Aq, 15 9', 1) (214
The action of p3»(¢') in these extreme time cases consists in the introduction
in the integrand of the extreme values of p,, p (82¥*1), and p,(8*), respec-

tively. This is achieved by taking derivatives of « with respect to ¢, and ¢,’,
respectively:

pr)eAq, 1;9',1") = G, (g, 1,4, 1) 2.15)

pr(NUg, 59, ) = §,/oq, t; 9, t") (2.16)
Here we use the notation §, = 2/¢g,, and §,* is the adjoint@? of 4,, i.e.,
4,* = —0/og,. Therefore, Eqs. (2.11) and (2.12) can be rewritten as

gt Velg, t; 9, ") = f drgt ofg, t; g% tHhge(gh, t15 9, ) (217)
PRt dg, tsq', 1) = f drqt (g, t; 4%, tYg T elgt 150, 1)
= [ dq et 150t alars 0 1) 19)

On the same grounds it is possible to introduce time-ordered products of
operators by

T(gh(tY) - q(ehpis, (¢4 -~ pint™Nelg, 154", 1)
= [ 80 FPEIE) - Gt DPu ) Pt (2.19)
= f drqs - drqn ofq, t; q°1, 170 )el(g%s, 1715 472, 172) o+ (17m)
x ofgm, 1 q", 1) (2.19b)
= f arg’s - drqm g, t; ¢°1, 17911 * (g, £71; g%, £72)
. e(g’n, tn; 9", 1)
=f drges - drqon(ll (g, t; %, £°1)) -+ (Ilye(g7m-1, £m-1; ¢°m, £7m))

x a(q’m, tom; g, 1) (2.19¢)
where we have used a specific notation:
T(gi(t) - pan(@™) = ¢°P(73) -+ $°P(1%m) (2.20)



Stochastic Quantization and Detailed Balance in Fokker--Planck Dynamics 319

{t°,..., t%)} is the time-ordered permutation of {¢i,..., ™}, ¢°°(¢%) is the
operator acting at ¢%, and $(¢%) is the corresponding c-number dynamical
variable. On the other hand, and according to (2.13)~(2.16),

s H Ty — a

I, = {J;f ! W:) q‘“(taj) (2.21)
qu; if $(t71) = Pu(2°1)

In the following we will need to consider the limits of Eq. (2.19) in which the

intermediate times {¢%,..., ™} tend to the extreme times ¢ and ¢'. One can
easily check from (2.19¢) that

t lim t T(g(t) - p2(t™)edg, t; 9’5 t") = I+ - [, g, 159, 1)
L i b

(2.22)
lim . T(gR(t) -~ pR(t™edg, t; 9’5 ) = Wy - hielq, 259", ") (2.23)

10— e 510,

With the above definitions of operators it is now possible to derive the
equations of motion satisfied by the transition probability «(q, t;4’,t).
From eqs. (2.5) and (2.6)

0. 59200 _ [ gyt (2 | ‘w dr)et @2

The derivative of the time integral of the Hamiltonian is obtained by con-
tinuing the integral for a time A¢, extending the network used in the definition
of the path integral,“® i.e.,

6 ¢ H-At%df
1 #dr = lim (2.25)

ot ), AE—0 At

Dividing At by means of a network of 2N’ + 1 times with (6')° = ¢ and
(62 *+2 = ¢ 4 A¢, in the limit Az — 0, N’ — o0, one obtains that due to the
requirement on the way in which the network becomes dense,

a% ft Hdr = gi_{r.g% [#(q(7), p(r — &) + H(q(r — 8), p(*)] (2.26)

Substituting (2.26) into (2.24) and recalling (2.19a), we obtain
@lot)alq, 15 ¢/, 1)
= Lim 3T(A#(q°%(0), p™(t — 8)) + H(g™(t — 8), p™(1))eg, 134", 1)
(2.27)

Taking the limit according to (2.22) and the explicit form of the Hamiltonian
function (2.4) yields

©/oylq, t;q',t") = (éu+év+Duv + 4. v)lq, t;9,t") = L+(Qa Delg, t;9',1")
2.28)
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where we have defined by the last equality the Fokker-Planck operator or
adjoint Fokker-Planck Liouvillian®® L*(q, §). This equation of motion is
known as the forward FPE for the transition probability. ®?

By the same procedure the equation of motion of «(qg, ¢; ¢’, t") with
respect to ¢’ is obtained:

ao‘(%t q t') f 8q(7) 8°p() ( llm _ ft:—At"I%dT)e—A
At
= —lim $T(A(g(" + 8), p2(t")) + H(q°("), p™(t" + 8))elq, 159, 1)
(2.29)
The limit to be considered now is (2.23) and it yields

oo(g, 59", 101" = —(Dpdudy + v.4)dq, 5 9', ")
—L(q, §)edq, t; 9", t") (2.30)
This equation of motion complementary to (2.28) is known as the backward
FPE®™ and L is the adjoint of the Fokker-Planck operator or Fokker—
Planck Liouvillian.@V

It should be remarked that both forward and backward FPEs have been
deduced from the path integral definition of (g, ¢; ¢’t’), and that the deriva-
tion depends crucially on the presence of the term % 8v,/éq, in the Lagrangian
and on the definition of the path integral.

The equations of motion for the operators g3®(¢!) and pP(¢') can be
obtained from their definitions (2.17) and (2.18) and from (2.28) and (2.30).
For example, taking the derivative of (2.18) with respect to ¢;, we obtain

a,(fl) g, 54, 1)

= [ &gt (- L@, et 150 PV ela' 301 1)

+ f d'q* o(q, £, ¢, 14, L7 (g, §)elq’, 154, 1)

fd"q g, t5q% tHGa*, L*(q", §)]elq", 159, t)  (2.31)
and therefore

peP(eN)fot = [pP(th), Hop(tH)] (2.32)
where3
Hy,(tY) = }51_1}3 ST(H(q°°(tY), p°P (¢t — 8)) + H(q°°(t* — 9), p°°(t1))) (2.33)

3 Equation (2.33) represents the symmetric or Weyl correspondence rule“® (they
coincide in our case of constant diffusion).
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The precise meaning of the right-hand side of (2.32) is a limit of a time-
ordered product of operators whose action, defined by (2.19), yvields Eq. (2.31),
ie.,

[P, HootH] = lim T(iP(* + 8)Hup(t?) = pP(e = )Hon(t) (234)

On the same grounds the equation of motion for g®(z?) is

ogiP(eD)jort = [qiP(rY), Ho(2)] (2.35)

It is thus established that H,, generates the motion of the operators and of
the transition probability.

To this point the formalism developed is closely related to the derivation
of the Schrédinger—Heisenberg formulation of quantum mechanics from Feyn-
man’s formulation. Nevertheless, a striking difference has to be remarked:
although a bracket notation for «(g¢; ¢'t") could sometimes be useful,**
the transition probability is a real number, while the quantum mechanical
bracket is a complex probability amplitude and thus «(q¢; ¢'t") cannot be
interpreted as the product of a vector of a Hilbert space times a vector
of the dual of the same Hilbert space. In other words, initial and final states
are not related here by a complex conjugation. This is the reason why the
explicit form at different times of a uniquely defined operator is different;
the content of Eqs. (2.15) and (2.16) is different, while the analogous quantum
mechanical equations are related by complex conjugation (even for a non-
Hermitian Hamiltonian). The action of H,(t') on a final time yields the
forward FPE and its action on an initial time yields the backward FPE. The
analogous equations in quantum mechanics are again related by complex
conjugation. This asymmetry between initial and final states forces us to give
some specification to obtain from (2.32) and (2.35) the operator equations of
motion in a Heisenberg picture.

The state of the system is described by P(g, t). From Eq. (2.1) it is clear
that the arguments of P(q, ¢) represent a final state. Indeed, Eq. (2.28) implies
that P(q, t) satisfies the FPE

oP ’
LD _ Loq,4)p(q 1) = —% [5.(0)P(g, )] + 55“5&; D,P(g, 1) (2.36)

We note that no backward FPE exists for P(g, ?).

The FPE (2.36) is an equation of motion for the state of the system and
it defines the Schrodinger picture. In this picture H,,(¢) acts explicitly as
L*(q, 4) and the average of a function of ¢ at time ¢ is evaluated by

@)y = j dq P(q, Nf(q) @.37)
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In the corresponding adjoint picture (Heisenberg picture) the time
evolution is transferred to the dynamical variables. The two possible specifica-
tions of (2.32) and (2.35) that follow from (2.22) and (2.23) give rise to opera-
tor equations related by the adjoint operation and the choice of one of them
is forced by the prescription one gives to evaluate average quantities. Qur
prescription is the one contained in the so-called Fokker—Planck dynamics,
in which, as discussed at length in Ref. 21, averages are evaluated with the
initial probability density P(g, 0) placed at the left of the dynamical vari-
ables, which behave as operators acting on their initial values. For such
a prescription, the initial time specification of (2.32) and (2.35) must be
chosen. This assertion can be better understood rewriting (2.37) as

@)y = f drq [¢*P(g, 0)]f(q)

~ [ dg P, 0eftq) = [ g P OaE)  239)

It is then clear that L generates the motion of g(¢) with initial value ¢(0) = g.

Summarizing, in this Heisenberg picture, the explicit forms of
[q3R(2), Hox(2)] and [pSP(¢), H,.,(2)] appearing in Egs. (2.32) and (2.35) are,
respectively, [L(g(¢), 4()), q.(¢)] and [L(g(¢), (1)), §.(t)] as results from
(2.14), (2.16), (2.23), and (2.33). In conclusion, the stochastic quantization
of the Hamiltonian equations corresponding to the c-number real Hamil-
tonian (2.4), which are equivalent to the Euler-Lagrange equations associ-
ated to (2.2), is given by

q.(t) = q.(?)
(1) = §,(2)
H(q(t), p(t)) = —L(q(t), 4(¢))

so that the commutation relations at equal times are

[éu(t)a qv(t)] = Suv (239)

and the equations of motion©“?
4u(t) = [L(q(?), (1)), 9.(0)] = v.(q(?)) + 2D,,4(r) (2.40)
6) = L@, 40 01 = ~ 25X g0 241)

The key implication of these equations is the lack of commutativity of the
gross variables ¢,(¢) at different times, which reflects the stochastic character
of the process.? The formal solution of (2.40) reads

g.(t) = e*gq,(0)e~* (2.42)
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The factor e~ is of crucial importance when evaluating correlation functions
of g variables at different times in specific problems.®® Nevertheless, when
placed at the extreme right of an integral, as it appears in one-time averages,
it can be suppressed, since it acts on unity, giving value one. This is why
the last equality in (2.38) is in agreement with (2.42).

On the other hand, the solution of (2.40)-(2.41) gives 4,(¢) in terms of its
initial values §,(0), so that 4,(¢) is an operator which derives with respect to
the initial values of ¢,(2), i.e., ¢,(0) = g,. The operator §,(t) is unobservable
but is very useful to define response functions.®V

Finally we note that Eq. (2.41) is not formally equal to the c-number
Hamilton equation for p,(¢), due to the disappearance in L of the —% &v,/0g,
term of J# that occurs in the stochastic quantization procedure. This point
clarifies earlier results by Phytian,®® who only considers c-number equations.

3. IRREVERSIBILITY

The irreversibility of the Fokker-Planck equation is reflected in the fact
that (2.36) is not invariant under the time-reversal operation

te_t: qu-%qu

) (3.1)

R R I
v, — —v,5 v, =0, D,,—~ D,

where without loss of generality, we may assume that the gross variables g,
are even under time reversal and where v,® and v,/ are, respectively, the
reversible and irreversible parts of the drift.* Note that the reversible part v,*
transforms as ¢, and that there are two sources of irreversibility in the FPE:
the irreversible drift »,” and the diffusion coefficients D,,. An irreversible
behavior in the sense of dissipation is affected by the diffusion. This should
not be confused with the irreversibility in the sense of a deterministic but not
time-reversal invariant equation of motion as ¢, = v,/. Under the very
special conditions in which these two terms featuring the irreversible drift
v, and the diffusion coefficient D,, cancel one another, the FPE becomes
time-reversal invariant. This is the case in stochastic models of quantum
mechanics@%2® (see appendix). It should also be stressed that the time-
reversed Fokker—Planck operator

éu+(vuﬁ - vul) + un+qu+Duv (32)
is different from the adjoint operator L(q, §)
@, + v, + Dududy (33

which appears in the backward FPE (2.30).4®

4 If all gross variables are even under time reversal, then a reversible drift can arise only
from a dependence of v, on some external parameters which change sign under time
reversal. We shall not indicate dependence on these variables explicitly.
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How does irreversibility manifest itself in the stochastic quantization
scheme? Consider the simplest example of one-dimensional, constant diffu-
sion and linear irreversible drift with v® = 0.% The corresponding Lagrangian
is

24.4) = 35 + agF — & (3.4)

and the Euler-Lagrange equation
§—o’g=0 (3.5)

is invariant under time reversal. However, the Lagrangian is not and, as was
already noted by Onsager and Machlup,’® the two independent solutions
g~ e “ and g ~ e** give different contributions to the path integral due
to the irreversibility of Z. It is also easy to see that stochastic quantization
for this example leads to operator equations of motion and commutation
relations which break the time-reversal symmetry of the Euler-Lagrange
equation. What we shall now show is that this holds true in general as long
as the detailed balance conditions®® are satisfied. This general connection
between detailed balance and time-reversal invariance of the Euler-Lagrange
equations is rather unexpected. Although one knows that detailed balance is
an expression of microscopic reversibility,®® the connection between the
latter and the time-reversal invariance of the Euler-Lagrange equations for
the gross variables is far from evident. In this section we shall consider the
case of general drift in » dimensions but with constant diffusion matrix.
Consideration of the variable-diffusion case is deferred to Section 4.
The Lagrangian (2.2) yields the Euler-Lagrange equations

. v, O @
qﬂ - aqv qv + DuéDﬁv aqé (qv vv) Dud aqé aqﬁ — 0 (36)

Equation (3.6) is invariant under time reversal if the following condition is
fulfilled:

ov,’ _, ovgl\ . 1 {Ovg" ovg’
(-5 ot ) mams (e )
v

g

On the other hand, the Graham-Haken potential conditions, which follow
from the assumption of detailed balance, are®®

v, = —D,, 0¢y/0q, (3.8)
ov,Flog, = v, Osi/Oq, (3.9)
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where ¢, is the “potential function” defined in terms of the stationary
solution P (q) of the FPE by

$si(q) = —log Ps(q) (3.10)

It is a straightforward calculation to show that the potential conditions (3.8)
and (3.9) ensure that condition (3.7) is fulfilled, thereby guaranteeing the
reversibility of the Euler-Lagrange equations (3.6). An important point to
note is that the presence of the % dv,/8g, term in the Lagrangian is essential
for this to be true.®

Although the Euler-Lagrange equations are time-reversal invariant, the
Lagrangian (2.2) itself is not. Under time reversal % transforms into &’
given by

L'(q,4) = iIDMN =4, + v, — v,/ )(—¢ + v,® —v,0)

1ov* 10w/
20q, 20,

(3.11)

As mentioned earlier in connection with the simple example (3.4), a time-
reversal-invariant Lagrangian would not be compatible with overall irre-
versibility in the path integral formulation of Fokker-Planck dynamics.
However, a time-reversal invariant Lagrangian yielding (3.6) as its Euler—
Lagrange equations does exist: it is

£"%g,9) = DG, — vy — ) + 0,01 + T o /og, (3.12)

Assuming again that detailed balance holds [Egs. (3.8) and (3.9)], one easily
finds

- 3%, 1 e (3.13)
Equation (3.13) exhibits & as the sum of two terms: £, which is even under
time reversal, and an odd term § dé./dr which, when inserted into the path
integral weight function exp(-—f &z dr), yields a term dependent only on the
initial and final times. This decomposition of . gives an insight into its
interpretation as a thermodynamical potential.® In the particular case of
linear drift the term *“thermodynamic action’” has been applied by Lavenda ¥
to the integral _[ Fov dr, The physical interpretation of the dég/dtf term is the
subject of considerable controversy.“*%% It seems doubtful whether ¢, can
be consistently identified with physical entropy as claimed by Lavenda®?

5 In a related result previously obtained by Ueyama® this important surface term was
neglected. Moreover, Ueyama makes an additional assumption [his Eq. (25)] whose
meaning is unclear and which, he erroneously claims, follows from the potential
conditions. Hasegawa stated the above result in Ref. 43.
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and also by Ueyama.® It is also worth noting that the decomposition (3.13)
has been used for the explicit construction of % in the case in which v,? =
0.¢6:26:12 Detailed balance and this further condition are always satisfied in
one-dimensional problems‘%12 if natural boundary conditions are con-
sidered. The term

L = 1Dyl v + § ovlog,

represents then the mechanical potential of the self-adjoint form of the FPE
and e~ %/ js the factor coming from the transformation to this self-adjoint
form.

In contrast to the noninvariance of the Lagrangian, the real Hamiltonian
(2.4) is time-reversal invariant, provided detailed balance is satisfied. This
follows from the transformation

Py~ —Du — Du_vlvvl (3-14)

which is in turn a consequence of the definition (2.3) of p and the trans-
formation (3.1). Of course, the c-number real Hamilton equations of motion
are also time-reversal invariant under the same conditions.

The operator formulation of stochastic quantization, as we have seen in
Section 2, is based upon two mutually consistent sets of premises: (a) equal-
time commutation relations [Eq. (2.39)], and (b) equations of motion of the
form (2.40) and (2.41). While detailed balance ensures the time-reversal
invariance of the Euler-Lagrange equations (3.6) at the c-number level, this
invariance cannot be extended to the stochastic quantized level. Stated
differently, stochastic quantization breaks the time-reversal symmetry of
the equations of motion. The problem lies in the incompatibility between the
condition for time-reversal invariance of the equations of motion and the
corresponding condition for the invariance of the commutation relations. If
g, transforms as p, in (3.14), the equation for g,, (2.40), is invariant, but the
commutation relations are not time-reversal invariant. Under this trans-
formation the equation for §,, (2.41), is not in general invariant, but the
important point is the breaking of the time-reversal invariance of the com-
mutation relations, as can be easily realized considering the special case of
linear drift v, = A,,q,. In this case, the —% dv,/9g, term in the Hamiltonian
(2.4) is just a constant and so the c-number real Hamilton equations are
formally identical to the operator equations (2.40) and (2.41). Both equations
(2.40) and (2.41) are then invariant, but the commutation relations are not.
On the other hand, the identification §, = 0/dq, requires the transformation
law 4, — ¢, , in which case the commutation relations are invariant but the
equations of motion become noninvariant.

In conclusion, stochastic quantization introduces some uncertainty or
loss of determinism with respect to the Euler-Lagrange equations defining
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the most probable path, which causes an irreversible behavior. In the path
integral formulation of the stochastic quantization, irreversibility is due to the
Lagrangian itself, while in the equivalent operator formalism it appears as
a requirement of consistency between equations of motion and commutation
relations.

4. NONCONSTANT DIFFUSION FPE

In this section we show how the FPE

2

aP(aqt, N _ _E_Zu [v.P(q, )] + ﬁ [D,(9)P(q, 1)] @.1

with nonconstant diffusion coefficients D,,(g) can be reduced to one with
constant diffusion coefficients by means of a change of variables.®%-27 This
result generalizes previous work for the one-dimensional case®2%-47 and its
significance has been discussed in detail by Graham®®: in a covariant
formulation of the FPE it represents a transformation to a set of holonomous
coordinates. The possibility of performing this kind of reduction eliminates,
in such a case, the need for a separate discussion of the nonconstant diffusion
case. Instead the results of Sections 2 and 3 may be applied directly to the
constant-diffusion FPE in the transformed variables, as we shall show.

The diffusion matrix D,,(g) is a symmetric, positive-definite, n X n
matrix, and therefore there exists®*® a real, symmetric, n x n matrix
g,,(g) such that

gua(q)gav(Q) = Duv(q) (42)
Let us introduce a new set of n gross variables Q, by
dQ, = gu—vl dq, 4.3)

The condition for the Q, to be well defined is that dQ, be an exact
differential, i.e., that

08w 0%ay
- 1.7 - LA ) 4.4
oq, oq, @4

Graham®® has called (4.4) a “holonomity condition” in his covariant
formulation of the FPE. Such a condition implies that D,,(g) can be con-
sidered as a Euclidean metric and therefore there exists a set of coordinates
in which D,, = §,,. We will now show explicitly that indeed in the FPE in
the Q@ variables the diffusion matrix is §,,.
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Condition (4.4) implies that

1D,,eD 8gw
3D ag, &g, 5 “.3)

where D = | D,,|| is the determinant of the D,, matrix. It is in this form that
we shall use the holonomity condition throughout the remainder of this

paper.
Denoting P(g(Q), t) by #(Q, t), we have

|55

so that the Fokker-Planck distribution function in the Q variables is
PY(Q,1) = #(Q, )V D @7

Derivation of the corresponding FPE in the new variables is somewhat
lengthy. Summarizing the main steps in the calculation, the substitution of
(4.7) into (4.1) and use of (4.3) yields

% (0, nfa@)  @46)

Sy = [ dqPa.0fq) - [ a0

oP'(Q, 1)
0 e D, .,
+ VDl 5 8t 5o 5 QD) 4.8)
The condition (4.5) implies, when (4.3) is used, that
[0,,VDgp'1 =0 4.9)

By means of (4.9) the first term on the right-hand side of (4.8) reduces to
—~(0/eQ,)gx v, P'. The second term is simplified in two steps. In a first step
0/0Q, is written in the extreme left using (4.9). In a second step 8/6Q; is
taken to act directly on P'(q, t) and the commutator involved is simplified
according to (4.5). Finally, we obtain that

'B;PM(a_?__,t) = ag guv UvP (Q5 t)

P og o°
t gt 2EEP(Q, 1) + =5 P(Q, t
ang 1 8QB (Q ) aQu2 (Q )

= aQ [0./P(Q, D] + 353 Q 3 P(Q, 1) (4.10)

where the last equality defines the transformed drift v,'(Q) and where it is
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verified that §,, appears as the diffusion matrix for the FPE in the Q

variables.®
It was shown in Section 2 that we can associate to the FPE (4.10) a
Lagrangian

E(Q, Q) = %(Qu - Uu’)z + % avu’/aQu (411)
which under stochastic quantization yields as generator of motion the operator
L(Q, Q) = QuQu + Uu,(Q)Qu (412)

The generator of motion for the Fokker—Planck dynamics associated
to our starting FPE (4.1) is now obtained by reexpressing L given by (4.12)
in terms of g, and §, through the use of (4.3):

L(0.8) = 8 @)iagus@)is + [vu(q) — gnl@) %’q—’%] i

= Duv(Q)éu‘iv + Uu(Q)éﬂ (413)

Obviously, the Liouvillian obtained is the adjoint of the Fokker-Planck
operator featured in (4.1).

The results of Section 3 may be now applied directly to the Lagrangian
(4.11) and to its stochastic quantization. The key assumption made in that
section was the fulfillment of the potential conditions (3.8) and (3.9). Thus,
the discussion of the time-reversal properties made in Section 3 and its
application to (4.11) will be meaningful for the FPE (4.1) whenever potential
conditions for (4.10) could be deduced from the potential conditions for
(4.1). We now show that this is the case for the transformation (4.3). Detailed
balance is assumed for the starting FPE (4.1) and the corresponding potential
conditions are®%

/(q) = 22D  p,, Bel0) (4.14)
where
$si(q) = —log Ps(q) (4.16)
The definition (4.10) of v,” implies that
v(Q) = g (Dv,* @4.17)
v:(Q) = g (O — 8a(Q) 985(0)/8Q, (4.18)

€1t is interesting to mention that the inverse transformation from (4.10) to (4.1) allows
one to consider a class of exactly solvable nonlinear FPEs.¢®
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From Eq. (4.17) and substituting (4.15),

50; Q(Q) D) 3¢st(§(Q)) + g (OWEQ) 3gg'§(uQ)

= Vg (Q) - [$:(9(Q)) - log VD] 4.19)

where in the last equality use has been made of (4.5) expressed in Q variables.
Substituting (4.18) in (4.14) and using (4.5) again, one easily arrives at

v(Q) = —(2/6Q,)$s(q(Q) — log V' D)] (4.20)

Equations (4.19) and (4.20) are recognized as the potential conditions for
the FPE (4.10) [see (3.8) and (3.9)] because

$:(Q) = —log Pi(Q) = —log[Ps(q(Q))V' D] = ¢a(q(Q)) — log VD (4.21)

The reason for this conservation of the potential conditions under the change
of coordinates (4.3) is basically found in Graham’s formulation®® of de-
tailed balance as a covariant physical property.

It is finally instructive to look at the properties of the Lagrangian (4.11)
when expressed in terms of ¢ variables by means of the point canonical trans-
formation (4.3). Defining w, by

v = gi'wy 4.22)
and taking into account that
0, = (20,/99,)4, = gi'dy (4.23)

we can write the Lagrangian (4.11) as

1
Z(q, q) = guv (qv wy)l? + 2 8uv 7 aq (g W)

I - 9 W,
= 3 Da — ) — ) + 3 VD T (420

where to obtain the last equality the holonomity condition (4.5) is used. It
should be remarked that (4.24) coincides with the Lagrangian already proposed
by Stratonovich and Graham for flat spaces.® This coincidence is established
at once since (4.5) yields the following explicit expression for w,:

— 9 D
D — -2

94y /D
The restriction to flat spaces has been introduced here through the holo-
nomity condition (4.4).

(4.25)

W, = U, —
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The fact that Eq. (4.24) coincides with the Graham-Stratonovich
Lagrangian is a direct consequence of the scalar character of the action
integral ®6-38-59 What this means is that both the functional probability
density exp( -f F dr) and the measure in functional space are invariant under
general coordinate transformations.®€:38:59-7 Correspondingly, the Euler—
Lagrange equations associated to (4.11) and (4.24) transform into each
other,® and therefore, the latter define the most probable path corresponding
to (4.1) in the primitive variables. We stress that, in accordance with the usual
definition given at the beginning of Section 2, the most probable path is the
path that satisfies the Euler-Lagrange equations corresponding to the extrema
of the action integral. The concept of most probable path subject to various
types of boundary conditions has been further analyzed in Refs. 51 and 52.

The Lagrangian (4.24) conserves the properties under time reversal
that were discussed in Section 3: Its Euler-Lagrange equations are invariant
under time reversal if the potential conditions (4.14) and (4.15) are assumed.
These Euler-Lagrange equations are

ow, .
D, (qu = qv)

oq,
. oDz} . ~1 oW, 1 6D;,,
+(qu_wu)|:a qv+Dvu5q—; (V_WV)
0 — 0 w
o (ypl v_)zo 4.26
3%( o9, V' D (4.26)

Equation (4.26) is invariant under time reversal if the following condition is
fulfilled

I T N Ny S oL
qu[aqa(Dvu wy) oq, (Da'wy) D;, 2. w, + 24, L

_1 "” R Iy, R 4 —i WVR .
3 ag, nw we) — o x/DaqM/_ﬁ =0 (427

7 This remarkable property is not observed for ordinary probabilities, where in general
the transformation law of the probability density involves a Jacobian. See, for example,
“.7).

8 Note that if one directly applies the correspondence rule (2.33) to the Lagrangian (4.24)
one does not obtain the correct Liouvillian (4.13). This is not surprising, since it
reflects the fact that the correspondence rule to be used depends on the choice of
coordinates if these are changed according to the usual rules of calculus.®® The Lagran-
gian from which the Liouvillian (4.13) is obtained according to the symmetric ordering
used in Section 2 is given in Ref. 24 and it differs from (4.24).



332 L. Garrido, D. Lurié, and M. San Miguel

where, of course,
w,E = v,F (4.28)

— & D
w! =0/ - VD=L

’ %y /D
Although lengthy, it is a straightforward calculation to check that (4.14) and
(4.15) imply the vanishing of the coefficient of ¢, and of the remaining term
in (4.27).

In the same way as it happened to the constant-diffusion Lagrangian,
(4.24) is not invariant under time reversal, but there exists an invariant
Lagrangian £ yielding the same Euler-Lagrange equations (4.26):
P9(g,4) = 3 DMy — WG — w5 + miw] + VD A2 (4.30)

B 4 uyv v v u 12 12 23 2 8qv '\/E .

Assuming once again the potential conditions (4.14) and (4.15), we find that

(4.29)

inv _ 11 )
E = P =52 (b — log v/ D) @.31)

Comparing (4.31) with (4.21) and (3.13), we conclude the invariance under
the change of variables (4.3) of & — ™7, a quantity whose physical meaning
was discussed earlier.

APPENDIX

An attempt to give a stochastic foundation to quantum mechanics was
made some years ago by a number of authors.?°-30 We shall consider here
only the work of de la Pefia-Auerbach, which is representative of this line of
research, and address ourselves to the question, “How can quantum me-
chanics, a time-reversal invariant theory, be reduced to a stochastic process
which, as discussed in Section 3, exhibits irreversible behavior?”. Writing
the quantum mechanical wave function ¢ in the form exp(R + iS), de la
Pefia-Auerbach has shown®? that the probability density P = %) can be
taken to satisfy a FPE of the form

oPjot = —V.¢P + D, V2P (A1)

where ¢ is the sum ¥ + # of a systematic velocity & and a stochastic com-
ponent & that are given by

7 =2D,VS (A2)
i#=2D,VR (A3)
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and D, = #/2m. Under time reversal 4 — —7 and #— #,%® so that @
corresponds to what we have called v/, the irreversible drift, and 7 is the
reversible drift v,%. The derivation of a FPE for the quantum mechanical
probability density is a crucial result of the so-called stochastic interpretation
of quantum mechanics.®V

Since quantum mechanics is a time-reversal invariant theory, consistency
requires that the FPE (A1) be time-reversal invariant as well. This is indeed
the case, and it is instructive to see how it comes about. From Eq. (A3) and
the definition P = €2F of R we have

ii=D,VlogP (A4)

or
—V.(@P) + D, V2P = 0 (A3)

so that the two sources of irreversibility in the FPE, namely the irreversible
drift and the diffusion, simply cancel one another at all times. Equation (Al)
reduces to

oP|dt = —V-pP (A6)

which is just the time-reversal invariant continuity equation for the quantum
mechanical probability density. Although Eq. (Al) is formally similar to a
FPE for a general diffusion process, nevertheless it fails to exhibit the key
property of irreversibility that is normally associated with physical diffusion.
In a sense the appearance of a FPE in this context is somewhat artifical:
mathematically, it is seen to correspond to the simultaneous addition and
subtraction of a diffusion term to Eq. (A6) through the use of (A4). It is also
amusing to note that Eq. (A4) is of the same form as the potential condition
(3.8) with the important difference that it is log P and not log P, which
appears in (A4). Clearly, such an extension of the potential condition from
Py, to P goes far beyond detailed balance and implies a serious mutilation
of the FPE. Indeed, Eq. (A4) means that the drift of (Al) is not an item
external to that equation, but depends on the state of the system P(gq, t) at
every time.
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